Abstract. We consider the basic heat operator on functions on a Riemannian foliation of a compact, Riemannian manifold, and we show that the trace K B (t) of this operator has a particular asymptotic expansion as t → 0. The coefficients of t α and of t α (log t) β in this expansion are obtainable from local transverse geometric invariants -functions computable by analyzing the manifold in an arbitrarily small neighborhood of a leaf closure. Using this expansion, we prove some results about the spectrum of the basic Laplacian, such as the analogue of Weyl's asymptotic formula. Also, we explicitly calculate the first two nontrivial coefficients of the expansion for special cases such as codimension two foliations and foliations with regular closure.
Introduction
Let M be an n-dimensional, compact, connected, oriented Riemannian manifold without boundary. The heat kernel is the fundamental solution to the associated heat equation. That is, it is the unique function K : (0, ∞) × M × M that satisfies ∂ ∂t + ∆ x K(t, x, y) = 0 and lim t→0 + M K(t, x, y) f (y) dvol(y) = f (x) for every continuous function f.
This function K can be used to solve the heat equation ∂ ∂t + ∆ x g(t, x) = 0 for any initial temperature distribution g(0, x). It is well known ( [35] ; see also [14] , [49] ) that for any x ∈ M and any positive integer k, (1.1) K(t, x, x) = 1 (4πt) n/2 u 0 (x) + u 1 (x)t + · · · + u k (x)t k + O t where U j = M u j (x) dvol(x), with u j (x) defined as above. In particular, U 0 = Vol(M ). From formula (1.2), Karamata's theorem (see, for example, [24, pp. 418-423] ) implies the Weyl asymptotic formula ( [We] ; see also [14, p. 155] as λ → ∞.
The heat kernel has also been studied more generally, such as in the case of manifolds with boundary or in the case of elliptic operators acting on sections of a vector bundle over the manifold. Many researchers have studied this expansion and its generalizations and have worked to compute the coefficient functions (see [35] , [3] , [33] , [25] ), because the heat kernel is not only used to compute heat flows but is also used in many areas of geometric and topological analysis. The asymptotic expansions above (and their generalizations) have been used to study the spectrum of the Laplacian (see [3] , [4] , [14] , [33] ), the determinant of the Laplacian (see [39] , [46] ), conformal classes of metrics (see [40] ), analytic torsion (see [44] , [15] ), modular forms (see [23] ), index theory (see [2] , [49] ), stochastic analysis (see [13] , [32] ), gauge theory/mathematical physics (see [22] , [12] , [6] ), and so on.
Other researchers have studied generalizations of the heat kernel to orbit spaces of a group acting on a manifold. In [18] , the author showed that if M is a connected n-dimensional (not necessarily compact) Riemannian manifold and Γ is a group acting isometrically, effectively, and properly discontinuously on M with compact quotient M , the induced heat operator e −t∆ on the space of functions on M (which is not necessarily a manifold) satisfies tr e −t∆ = 1 (4πt) n/2 U 0 + U 1 t + . . .
where n = dim(M ) and U 0 = Vol(M ). This is equivalent to calculating the trace of the ordinary heat kernel on M restricted to Γ-invariant functions. In [10] , the researchers considered a compact, n-dimensional Riemannian manifold M along with a compact group G of isometries. Let E λ denote the complex eigenspace of ∆ associated to the eigenvalue λ, and let E where m = dim M/G, K 0 is less than or equal to the number of different dimensions of G-orbits in M , and a 0 =Vol(M/G). The coefficients a jk depend only on the metrics on M and G and their derivatives on the subset {(g, x) | xg = x} ⊂ G × M . The authors show in addition that under certain conditions, no logarithmic terms appear in the asymptotic expansion. Clearly, no logarithmic terms occur if all of the orbits have the same dimension. Also, if G is connected of rank 1 and acts effectively on M , then no logarithmic terms appear. We remark that the results of [10] apply to more general situations. If a second order differential operator has the same principal symbol as the Laplacian, and if it is geometrically defined and thus commutes with the action of G, then the equivariant trace of the corresponding heat kernel satisfies (1.3). After writing this paper, I was made aware of the recent work [19] , where the authors compute the asymptotics of the heat kernel on orbifolds, related to the work in [18] , [10] , and to Theorem 3.5 in this paper.
In this paper, we consider a generalization of the trace of the heat kernel to Riemannian foliations, and we will observe asymptotic behavior similar to the results for group actions. Suppose that a compact, Riemannian manifold M is equipped with a Riemannian foliation F ; that is, the distance from one leaf of F to another is locally constant. For simplicity, we assume that M is connected and oriented and that the foliation is transversally oriented. In some sense, this is a generalization of the work in [10] and [18] , because the orbits of a group acting by isometries form an example of a Riemannian foliation, if the orbits all have the same dimension. In [16] , the authors explicitly calculated the heat kernel expansion in this specific case. Of course, the dimensions of orbits of arbitrary group actions on a manifold are typically not constant, and the leaf closures of a foliation are generally not orbits of a group action. In [48] , we showed that many problems in the analysis of the transverse geometry of Riemannian foliations and that of group actions are equivalent problems.
A natural question to consider is the following: if we assume that the temperature is always constant along the leaves of (M, F ), how does heat flow on the manifold? To answer this question, we must restrict to the space of basic functions C ∞ B (M )(those that are constant on the leaves of the foliation) and more generally the space of basic forms Ω * B (M )(smooth forms ωsuch that given any vector Xtangent to the leaves, i(X)ω = 0and i(X)dω = 0, where i(X)denotes the interior product with X). The exterior derivative dmaps basic forms to basic forms; 
for every continuous basic function f . The existence of the basic heat kernel allows us to answer the question posed at the beginning of this paragraph. The basic heat kernel on forms is defined in an analogous way. Many researchers have studied the analytic and geometric properties of the basic Laplacian and the basic heat kernel (see [1] , [20] , [21] , [29] , [37] , [38] , [42] ). In [20] , the author proved the existence of the basic heat kernel on functions. The existence of the basic heat kernel on forms was proved for the case where the mean curvature form of the foliation is basic in [37] . The existence of the basic heat kernel was proved in general in [42] , where the authors given explicit formulas for the basic Laplacian and basic heat kernel in terms of the orthogonal projection from L 2 -forms to L 2 -basic forms and certain elliptic operators on the space of all forms on the manifold. A point of difficulty that often arises in this area of research is that the space of basic forms is not the set of all sections of any vector bundle, and therefore the usual theory of elliptic operators and heat kernels does not apply directly to ∆ B and K B .
It is natural to try to prove the existence of asymptotic expansions of the form (1.1) and (1.2) for the basic heat kernel. We remark that the basic heat operator is trace class, since the basic Laplacian is the restriction of an elliptic operator on the space of all functions (see lower bounds for eigenvalues in [42] and [31] ). In [47] , it was shown that an analogue of (1.1) exists for the basic heat kernel. As t → 0, we have the following asymptotic expansion for any positive integer k:
where q x is the codimension of the leaf closure containing x and a j (x) are functions depending on the local transverse geometry and volume of the leaf closure containing x. The first two nontrivial coefficients were computed in [47] and are given in Theorem 3.15. In general, the power q x may vary, but its value is minimum and constant on an open, dense subset of M . One might guess that the asymptotics of the trace of the basic heat operator could be obtained by integrating the expansion (1.5), similar to obtaining (1.2) from (1.1). However, the functions a j (x) for j ≥ 1 are not necessarily bounded or even integrable over the dense subset. Example 4.1 exhibits this precise behavior. Even if the coefficients a j (x) in (1.5) are integrable, it is not true in general that these functions can be integrated to obtain the asymptotics of the trace. Example 4.2 shows that even if a j (x) is constant, these coefficients cannot be integrated to yield the trace asymptotics. Despite these obstacles, we prove that an asymptotic expansion for the trace of the basic heat operator exists. Let q be the minimum codimension of the leaf closures of (M, F ). As t → 0, the trace K B (t) of the basic heat kernel on functions satisfies the following asymptotic expansion for any positive integer J: (1.6)
where K 0 is less than or equal to the number of different dimensions of leaf closures in F , and where
This is the content of Theorem 2.3. If the codimension of F is less than 4, then the logarithmic terms vanish. The idea of proof is as follows. We rewrite the integral
in terms of an integral over W × SO(q), where W is the basic manifold, an SO(q)-manifold associated to (M, F ). Then, we apply the results of [10] . In Corollary 2.4, we obtain the Weyl asymptotic formula for the eigenvalues of the basic Laplacian.
In Section 3, we derive the first two nontrivial coefficients in the asymptotic expansion (1.6) in some special cases, including but not limited to all possible types of Riemannian foliations of codimension two or less. In each of these cases, the asymptotic formula contains no logarithmic terms. We conjecture (Conjecture 2.6) that the asymptotic expansion for the general case has the same features. In Section 3.1, we derive the asymptotics for the case in which all of the leaf closures have the same dimension, for any codimension. In this case, the leaf closure space is an orbifold, and en route to the result, we obtain the asymptotics of the orbifold heat trace, which may be of independent interest. We find the asymptotics for the transversally orientable, codimension one case in Section 3.2, for the nonorientable codimension one case in Section 3.3, and for codimension two Riemannian foliations in Section 3.5. We remark that the codimension two case yields five possible types of asymptotic expansions. In Section 3.4, we show how to simplify the general case by subdividing the basic manifold into pieces, and this result is used in the calculations of Section 3.5. In Section 4, we demonstrate the asymptotic formulas in two examples of codimension two foliations.
We remark that these asymptotic expansions yield new results concerning the spectrum of the basic Laplacian. By Corollary 2.4, the eigenvalues of the basic Laplacian determine the minimum leaf closure codimension and the transverse volume V tr of the foliation. The results of Section 3 give more specific information in special cases. For example, if the leaf closure codimension is one, then the spectrum of the basic Laplacian determines the L 2 norm of the mean curvature of the leaf closure foliation. Therefore, the spectrum determines whether or not the leaf closure foliation is minimal.
In most cases considered in the paper, we assume that the foliations are transversally oriented for simplicity. In Section 5, we describe the method of obtaining the asymptotics of the basic heat kernel on Riemannian foliations that are not transversally orientable.
Heat Kernels and Operators on the Basic Manifold
In this section, we introduce some notation, recall some results contained in [47] , and then use these results to obtain a formula for the trace of the basic heat kernel. Let M be an n-dimensional, closed, connected, oriented Riemannian manifold without boundary, and let F be a transversally-oriented, codimension q foliation on M for which the metric is bundle-like. As in the introduction, we let ∆ B denote the basic Laplacian, and we let K B (t, x, y) be the basic heat kernel on functions defined in (1.4).
Let M be the oriented transverse orthonormal frame bundle of (M, F ), and let π be the natural projection π : M −→ M . The manifold M is a principal SO(q)-bundle over M . Givenx ∈ M , letxg denote the well-defined right action of g ∈ SO(q) applied tox. Associated to F is the lifted foliation F on M . The lifted foliation is transversally parallelizable, and the closures of the leaves are fibers of a fiber bundle ρ : M −→ W . The manifold W is smooth and is called the basic manifold (see [36, pp. 105-108, p . 147ff]). Let F denote the foliation of M by leaf closures of F .
Endow M with the metric g M + g SO(q) , where g M is the pullback of the metric on M , and g SO(q) is the standard, normalized, biinvariant metric on the fibers. By this, we mean that we use the transverse Levi-Civita connection (see [36, p. 80ff] ) to do the following. We calculate the inner product of two horizontal vectors in Tx M by using g M , and we calculate the inner product of two vertical vectors using g SO(q) . We require that vertical vectors are orthogonal to horizontal vectors. This metric is bundle-like for both ( M , F ) and ( M , F ). The transverse metric on ( M , F ) induces a well-defined Riemannian metric on W . The group G = SO(q) acts by isometries on W according to ρ(x)g := ρ(xg) for g ∈ SO(q).
The volume form on M can be written as dvol F ρ * dvol W , where dvol F is the volume form of any leaf closure and dvol W is the volume form on the basic manifold W . Let φ : W → R be defined by taking φ(y) to be the volume of ρ −1 (y). The function φ is obviously positive and is also smooth, since ρ is a smooth Riemannian submersion (see a proof of a similar fact in [42, Proposition 1.1]). Let ( , ) denote the pointwise inner product of forms, and let , denote the L 2 -inner product of forms. Then for all α, γ ∈ Ω * (W ),
We have used the fact that for a bundle-like metric, the pointwise inner product has the same action on basic forms as the pullback of the pointwise inner product on the local quotient manifold. For our foliation ( M , F ), W is the (global) quotient manifold.
Let ∆ B denote the basic Laplacian associated to the lifted foliation on M , and let ∆ W denote the ordinary Laplacian on W corresponding to the induced metric on W . Note that φ is invariant under the right action of SO(q) on W , so we define the smooth function ψ : M → R by π * ψ = ρ * φ. Let σ denote the adjoint of the wedge product σ∧ for any form σ.
We define the elliptic operator ∆ W :
where g = (g ij ) is the metric on W in local coordinates, g ij = g −1 , and (1) The following equation holds on C ∞ (W ):
(2) For every x, y ∈ M ,x ∈ π −1 (x), andŷ ∈ π −1 (y),
We will now write the trace of the basic heat kernel in terms of K W . Let dvol, dvol, dvol W , and χ denote the volume forms on M , M , W , and G = SO(q), respectively. Then
For any measurable section s : M → M that is smooth on an open, dense subset of M , we can describe points of M in terms of the map M × G → M defined by (x, h) → s(x)h. In these "coordinates," the measure on M is dvol(x, h) = dvol(x) χ(h). Therefore, if we change coordinatesx →xh in (2.4), average over G, and use Fubini's Theorem, we get
We have shown the following:
Proposition 2.1. The trace K B (t) of the basic heat kernel on functions is given by the formula Therefore, the results of [10] apply, since ∆ W has the same principal symbol as ∆ W and commutes with the G-action. In particular, formula (1.3) holds, where m = dim W/G, K 0 is less than or equal to the number of different dimensions of G-orbits in W , and a 0 =Vol(W/G).
The leaf closures of (M, F ) with maximal dimension form an open, dense subset M 0 of M (see [36, pp. 157-159] ). The leaf closures of the lifted foliation cover the leaf closures of M (see [36, p. 151ff] ). Given a leaf closure L x containing x ∈ M , the dimension of a leaf closure contained in π −1 L x is dim L x + dim Hx, where
and Hx is the subgroup of SO(q) that fixes the leaf closure containinĝ x. In some sense, the group Hx measures the holonomy of the leaves contained in the leaf closure containing x as well as the holonomy of the leaf closure. The group Hx is isomorphic to the structure group corresponding to the principal bundle Lx → L x , where Lx is the leaf closure in M that containsx; the conjugacy class of H ⊂ G depends only on the leaf L x . Therefore, on an open, dense subset of W , the orbits of G have dimension
− m, where m is the dimension of the principal isotropy groups. The above discussion also implies that the dimension of W is q + q(q−1) 2 −m, where q is the codimension of the leaf closures of M of maximal dimension. As a result, we have that
Also, the number of different dimensions of G-orbits in W is equal to the number of different dimensions of leaf closures in (M, F ). For w ∈ W , let wG denote the G-orbit of w. By construction,
where x is chosen so that x ∈ π ρ −1 (wG) . Using the above information, we have
We remark that the integrals above converge. Proposition 2.1 in [41] , which concerns isometric flows, is easily modified to show that the first integral above converges; the convergence of the other integrals follows. Using the above discussions and the results of [10] , we have the following: Theorem 2.3. Let q be the codimension of the leaf closures of (M, F ) with maximal dimension. As t → 0, the trace K B (t) of the basic heat kernel on functions satisfies the following asymptotic expansion for any positive integer J:
where K 0 is less than or equal to the number of different dimensions of leaf closures of (M, F ), and where
The coefficients of the logarithmic terms in the expansion vanish if the codimension of the foliation is less than four.
In the last statement of the above proposition, we used the fact that SO(q) is connected, has rank one for q < 4, and acts effectively on W . Also, note that a jk depends only on the transverse metric, because by the results in [10] it depends only on infinitesimal metric information on the set {(g, w) | wg = w}, which is entirely determined by the transverse geometry of (M, F ).
We will call the coefficients a 0 and a jk the basic heat invariants; they are functions of the spectrum of the basic Laplacian, because of the formula (see [ 
. be the eigenvalues of the basic Laplacian on functions, counting multiplicities. Then the spectral counting function N B (λ) satisfies the following asymptotic formula:
as λ → ∞, where q and V tr are defined as above.
Observe that we are able to prove Theorem 2.3 and Corollary 2.4 with very little information about the heat kernel K W ; we used Proposition 2.1 and the results in [10] alone. We also remark that although the expansion (1.3) contains logarithmic terms, no examples for which these terms are nonzero are known. In the proof of this expansion [10] , the authors show that G × M can be decomposed into pieces over which the integral has an expansion with possibly nonzero logarithmic terms. In the cases for which the authors proved the nonexistence of logarithmic terms, symmetries cause the sum of these logarithmic contributions to vanish. We make the following conjectures:
Conjecture 2.5. Suppose that Γ is a compact group that acts isometrically and effectively on a compact, connected Riemannian manifold M . Then the coefficients a jk of the equivariant trace formula (1.3) satisfy the following:
• a jk = 0 for k > 0.
• If M is oriented and Γ acts by orientation-preserving isometries, then a j0 = 0 for j odd. We remark that since our foliation is transversally oriented, SO (q) acts by orientation preserving isometries precisely when the leaf closures are all transversally orientable. The SO (q) action is not always orientation preserving, as Example 4.2 shows.
Formulas for the Basic Heat Invariants in Special Cases
We will now explicitly derive the asymptotics of the integral in Proposition 2.1 in some special cases.
3.1. Regular Closure. Suppose that (M, F ) has regular closure. In other words, assume that the leaf closures all have the same dimension. Note that this implies that all of the leaves and leaf closures have finite holonomy. In this case, the orbits of SO (q) or O (q) (and thus the leaf closures of (M, F )) all have the same dimension, and the space of leaf closures is a Riemannian orbifold. Since the orbits all have the same dimension, locally defined functions of the metric along the orbits are smooth (bounded) functions on the basic manifold, and the volumes of the orbits (and hence the volumes of the leaf closures) are bounded away from zero. Therefore, the coefficients in the asymptotic expansion for K B (t, x, x) found in [47] are bounded on the foliated manifold M , but the error term is not necessarily bounded. These local expressions cannot in general be integrated over M to yield the asymptotics of the trace of the basic heat operator, as in the method used to obtain the asymptotic expansion of the trace of the ordinary heat operator on a manifold, as described in the introduction. Instead, a calculation of the trace of a second order operator on an orbifold is required.
Note that the leaf closures of (M, F ) themselves form a Riemannian foliation (M, F c ), in which all leaves are compact. In general the basic Laplacian ∆ B on functions satisfies ∆ B = P B δd, where d is the exterior derivative, δ is the L 2 adjoint of d, and P B is the orthogonal projection of L 2 functions to the L 2 of basic functions (see [42] ). Since the projection P B on functions is identical for both foliations (M, F ) and (M, Thus, it suffices to solve the problem of calculating the basic heat kernel asymptotics for the case of closed leaves. Let p : M → N = M/F c be the quotient map, which is a Riemannian submersion away from the leaf closures with holonomy. Similar to the arguments in Section 2, the basic Laplacian on functions satisfies
where ∆ N = δd is the ordinary Laplacian on the orbifold N , and ψ is the function on
is a principal leaf closure and extended to be continuous (and smooth) on N . Note that if κ c is the mean curvature form of (M, F c ) and P 1 B is the L 2 projection from one-forms to basic one-forms, then
Since f is basic function on M if and only if f = p * g for some function g on N , the trace of K B (t) of the basic heat kernel on functions on M is the trace of e [14] , [27] , [49] ) Let L be a second order operator on functions on a closed Riemannian manifold N of dimension m, such that L = ∆ + V + Z, where ∆ is the Laplace operator, V is a purely first-order operator, and Z is a zeroth order operator. Then, the heat kernel K L (t, x, y) of L, the fundamental solution of the operator ∂ ∂t + L, exists and has the following properties:
for any k, each c j (x, y) is smooth, and c 0 (x, x) = 1. The function c j (x, y) is determined by the metric and the operators V and Z and their derivatives, evaluated along the minimal geodesic connecting x and y.
If the manifold N is instead a Riemannian orbifold, the operators still can be defined (by their definitions on the local covers using pullbacks), and a fundamental solution to the heat equation still exists. Note that in all such cases, the lifted operator L = ∆ + V + Z is equivariant with respect to the local finite group action. Since the asymptotics of the heat kernel are still determined locally, we have the following corollary. 
is sufficiently small, then as t → 0, and if the minimal geodesic connecting x and y is away from the singular set of the orbifold, then
for any k, each c j (x, y) is smooth, and c 0 (x, x) = 1. 
where K L is the heat kernel of the lifted operator ∆ + V + Z on U , which itself satisfies an asymptotic expansion as in (3.1) above.
The results above are well-known and well-utilized in the cases where V = Z = 0 (see, for example, [17] , [18] ), but they are true in the generality stated.
Next, we establish an estimate and a trigonometric identity.
Lemma 3.3. Given a > 0 and b ∈ N, we have
Proof. Many thanks to George Gilbert. Contact the author for a proof.
The goal is evaluate the asymptotics of
• d, but we first proceed with calculating the heat trace of a general operator L as in (3.1) on an orbifold. We now decompose N as follows. Given an element z ∈ N , let H z denote a subgroup of the orthogonal group O (dim N ) such that every sufficiently small metric ball around z is isometric to a ball in
The stratification of N is a partition of N into the different isotropy types. The partial order on these isotropy types is defined as in the general G-manifold structure (see Section 3.4). Let o (H z ) denote the order of H z .
As in Section 3.4, we decompose N into pieces which include tubular neighborhoods of parts of the singular strata of the orbifold and the principal stratum (for which H z = {e}) minus the other neighborhoods. We may further decompose N = N ε ∪ N j as a finite disjoint union, where each N j is of the form H j \ N j with N j contractible, no nontrivial element of H j fixing all of N j , and with at least one point of N j having isotropy H j . We may think of N j as a tubular neighborhood of an open subset of a singular stratum, up to sets of measure zero.
Given any isometry h ∈ H i \ {e}, choose a tubular neighborhood
of singular points fixed by h, and let
Then there exists c > 0 such that for each j.
, using the change of variables u = (I − h) x. Further (see [17] ), there is a change of variables y (u) such that u j = y j + O |y| 3 and r 2 (u + hx (u) , hx (u)) = y 2 j , and the Jacobian for this change of variables is 1 + O |y| 2 . Thus,
By Lemma 3.3, we have
Thus,
Hence, letting ε approach zero and summing up over the neighborhoods of the singular strata of the orbifold N , we have
Note that S h i,j has codimension 1 precisely when h acts as a reflection, in which case det (I − h)
Similarly, S h i,j has codimension 2 exactly when h acts as a rotation (say by θ h = 2π k for some k ∈ Z >0 ) in the normal space to S h i,j . In that case,
If this number is summed over all nontrivial elements of a cyclic group group of rotations by
, by Lemma 3.4 we have
In each of these cases, generic points z of S h i,j have isotropy subgroups H z isomorphic to a cyclic group.
To obtain the asymptotic expansion, we identify two subsets of the singular part of the orbifold:
H z has order 2 and is generated by a reflection} ,
H z is a cyclic group of order k and consists of rotations in a plane .
Note that
for fixed j.
We now combine the results above with (3.2) to obtain the following theorem. Note that the truth of this theorem is easily checked in the case of a manifold with boundary or with a manifold quotient by a finite cyclic group of rotations. Also, note that the coefficient c 1 (x, x) may be computed using standard methods as in [49] .
We now wish to apply this result to the foliation case. Here, N = M/F c is the leaf closure space (a Riemannian orbifold) of a Riemannian foliation (M, F ) with regular closure. The operator of note is
, and H c is the projection of the mean curvature vector field of the foliation of M by leaf closures to the set of projectable vector fields, which implies that it descends to a vector field on N . The formula needed is c 1 (x, x) ; we refer to [47, formula (3.6) ] for a similar calculation, which yields in our case
where S (x) is the scalar curvature at x ∈ N . The theorem below follows. 
Transversally Oriented, Codimension One Riemannian Foliations.
Suppose that (M, F ) is a transversally oriented, codimension one Riemannian foliation. In this case, the analysis of the basic manifold is unnecessary, because the basic manifold is isometric to the space of leaf closures. For such a foliation, either the closure of every leaf is all of M , or the leaves are all compact without holonomy.
In the first case, the basic Laplacian is identically zero, so that the trace of the basic heat operator satisfies K B (t) = 1 for every t. In the case of compact leaves, the leaves are the fibers of a Riemannian submersion over a circle. Thus, the basic functions are pullbacks of functions on the circle, and the basic function v : M → R given by v(x) = ( the volume of the leaf containing x) is smooth on M and likewise smooth in the circle coordinate. If the circle is parametrized to have unit speed by the coordinate s ∈ [0, S), then the L 2 inner products on basic functions and basic one-forms are defined by
Note that S is the transverse volume V tr of (M, F ), defined as in Theorem 2.3. We then compute that the basic Laplacian on functions is given by
Since the foliation is transversally oriented, we may assume that we have chosen a unit normal vector field U = ∂
∂s . An elementary calculation shows that the total mean curvature H(s) is given by
where H(x) is the mean curvature vector field of the leaf L s corresponding to the coordinate s and ℓ is the dimension of each leaf. Recall that H is defined as follows.
be an orthonormal basis of T x L. We define
where ⊥ denotes the projection onto the normal space. We denote the mean curvature of L s by h(x) = H(x) . In summary, the basic Laplacian on functions ψ : [0, V tr ] → R is given by
The trace of the basic heat kernel may now be computed in the standard way from this operator on the circle. Let an arbitrary point on the circle be denoted by the coordinate 0, and let x be any other point within 
where u 0 (x) = 1 R−1(x) and u k+1 (x) for k ≥ 0 is given by
where for every j ≥ −1
Then (3.5) becomes
Therefore,
and
Taking the limit as x → 0, we obtain u 0 (0) = 1
By realizing that the coordinate 0 was labelled arbitrarily and by integrating the above quantities over the circle, we obtain the following theorem: 
, where
and the other basic heat invariants may be computed using the recursion formulas and integrations described above. Here, V tr is the transverse volume of the foliation, and h 2 is the L 2 norm of the mean curvature.
Corollary 3.8. Let (M, F ) be as in the theorem above. Then the spectrum of the basic Laplacian on functions determines the L 2 norm of the mean curvature. In particular, the foliation is minimal if and only if
Remark 3.9. The above theorem and corollary may be applied in cases of higher codimension if all of the leaf closures are transversally oriented and have codimension one.
Codimension One Foliations That Are Not Transversally Orientable.
We now show how the results in the last section need to be modified if (M, F ) is not transversally orientable. We will need the results of this section when we consider the case of transversally orientable codimension two foliations whose leaf closures are codimension one and are not necessarily transversally orientable. If (M, F ) is a codimension one Riemannian foliation that is not transversally orientable, it has a double cover M , F that is transversally orientable. Basic functions on M correspond to basic functions on M that are invariant under the orientation reversing, isometric involution (the deck transformation). Thus the basic Laplacian is a second order operator on a closed interval with Neumann boundary conditions instead of a circle. Part of the analysis from the last section is relevant, so that we obtain the following:
The asymptotics of the trace of the associated heat operator is a standard problem. If K (t, s 1 , s 2 ) is the lifted heat kernel to the circle, it corresponds to the following differential operator on [−V tr , V tr ] with periodic boundary conditions:
where
Note that H( s) is the logarithmic derivative of the volume of the leaf on M , F and thus extends to be a smooth function on the circle. In particular, this implies that all even derivatives of H( s) and H( s) at s = 0 or V tr are zero. A similar argument shows that the corresponding volume functions v ( s)and v ( s) have zero odd derivatives at s = 0 or V tr . The heat kernel K(t, s 1 , s 2 ) for the original boundary value problem (3.7) satisfies
We have that
where r =dist( s 1 , s 2 ), and the functions u j are explicitly computable from the differential equation (3.3). The trace is computed by the integral
where A j is defined as in the oriented case, and B j depends on the derivatives of u j evaluated at (0, 0) and (V tr , V tr ). The first nontrivial coefficients in the formula are:
From the calculations in the transversally oriented case, we have,
which after some calculation implies that
These equations imply that
In summary, we have the following theorem. 
and the other basic heat invariants may be computed using the techniques described above. Here, V tr is the transverse volume of the foliation, h 2 is the L 2 norm of the mean curvature, and F (0) + F (V tr ) is the sum of the second normal derivatives of the logarithm of leaf volume, evaluated at the two leaves with Z 2 holonomy (this quantity is independent of the choice of normal at any point of these leaves). 3.4. The General Case. We now prove some results that will be applied to the codimension two case in Section 3.5. These results are completely general and may be used to compute the asymptotic expansion in special cases of arbitrary codimension. We first review results that will be used in our computations. Recall that K(t, w, v) := K W (t, w, v) is the heat kernel corresponding to the operator ∆ W defined in (2.2), so that if ε > 0 is sufficiently small, dist(w, v) > ε implies that
as t → 0, for some constant c (see, for example, [27] ). As a consequence, the asymptotics of the integral in Proposition 2.1 over G × W are the same as the asymptotics of the integral over U , where U is any arbitrarily small neighborhood of the compact subset {(g, w) ∈ G × W | wg = w}, up to an error term of the form O e −c/t . We will now decompose W into pieces and use this decomposition to partition a neighborhood of {(g, w) ∈ G × W | wg = w}. Given an orbit X of G and w ∈ X, X is naturally diffeomorphic to G/H w , where H w = {g ∈ G |wg = w} is the (closed) isotropy subgroup. As we mentioned before, H w is isomorphic to the structure group corresponding to the principal bundle π :
where L is the leaf closure π ρ −1 (w) in M . Given a subgroup H of G, let [H] denote the conjugacy class of H. The isotropy type of the orbit X is defined to be the conjugacy class [H w ], which is well-defined independent of w ∈ X. There are a finite number of isotropy types of orbits in W (see [7, p. 173] ). We define the usual partial ordering (see [7, p. 42] ) on the isotropy types by declaring that
. . , r} be the set of isotropy types occurring in W , arranged so that
(see [30, p. 51] 
Now, given a proper, G-invariant submanifold S of W and ε > 0, let T ε (S) denote the union of the images of the exponential map at s for s ∈ S restricted to the ball of radius ε in the normal bundle at S. It follows that T ε (S) is also G-invariant. We now decompose W as a disjoint union of sets W 1 , . . . , W r . If there is only one isotropy type on W , then r = 1, and we let W 1 = W . Otherwise, let
Clearly, ε > 0 must be chosen sufficiently small in order for the following lemma to be valid. We in addition insist that ε be chosen sufficiently small so that the asymptotic expansion for K W (t, x, y) is valid if the distance from x to y is less than ε. The following facts about this decomposition are contained in [30, pp. 203ff 
]:
Lemma 3.13. With W , W i defined as above, we have, for every i ∈ {1, . . . , r}: 
, that is a union of G-orbits, and whose closure is a manifold with corners.
Therefore, by Proposition 2.1, the trace of the basic heat kernel is given by
Let H j be the isotropy subgroup of w ∈ W ([H j ]), and let γ be a geodesic orthogonal to W ([H j ]) through w. This situation occurs exactly when this geodesic is orthogonal both to the fixed point set W Hj of H j and to the orbit wG of G containing w. For any h ∈ H j , right multiplication by h maps geodesics orthogonal to W Hj through w to themselves and likewise maps geodesics orthogonal to wG through w to themselves. Thus, the group H j acts orthogonally on the normal space to w ∈ W ([H j ]) by the differential of right multiplication. Observe in addition that there are no fixed points for this action; that is, there is no element of the normal space that is fixed by every h ∈ H j . If G = SO (q) acts by orientation-preserving isometries, then H j acts on the normal space in the same way. Since H j acts without fixed points, the codimension of W ([H j ]) is at least two in the orientationpreserving case.
On the other hand, if the transformation group G in question is abelian and acts by orientation-preserving isometries, then the representation theory of abelian groups implies that the representation space must be even-dimensional (see [8, pp. 107-110] ). In this case, we would then conclude that the codimension of each W ([H j ]) is even. We mention this for the following reason. Since ∆ W commutes with the SO(q) action on the basic manifold W , the integrand K(t, w, wg) in Proposition 2.1 is a class function, so that Weyl's integration formula may be used to rewrite the integral as an integral over a maximal torus T of SO(q) (see [8, pp. 163] ). Formula (3.8) becomes
where η(g) is the volume form on T multiplied by a bounded function of g ∈ T .
In the above expression, we may take W i to be those constructed using G = T . Therefore, each H j is a subgroup of the torus, and the codimension of each
is even in the orientation-preserving case, as has been explained previously.
As t → 0, we need only evaluate the asymptotics of the integrals in (3.9) on an arbitrarily small neighborhood of the set {(g, w) ∈ T × W | wg = w}. By the construction of W i , the integral over T may be replaced by an integral over a small neighborhood of H i in T . This neighborhood may be described as
where B ε ′ is a ball of radius ε ′ centered at the identity in exp e H ⊥ i . Here, H ⊥ i is the normal space to H i ⊂ T at the identity e, and exp e is the exponential map exp e : t → T . We have
We can now make this integral over the torus explicit. A maximal torus of SO(q) has dimension q 2 , and we define T in the following way.
Then we have the following formulas ([8, pp. 171, 219-221]) for the form η in formula (3.9):
if q = 2m, and
using the appropriate choice of η(Θ) above. The explicit description of η(Θ) may be used to make equation (3.10) more explicit as well, but additional calculations and a choice of coordinates on exp e H ⊥ i are necessary.
3.5. Codimension Two Riemannian Foliations. We now explicitly derive the coefficients in the asymptotic expansion of the trace of the basic heat operator on transversally oriented Riemannian foliations of codimension two. We have the following possibilities:
(1) (The trivial case.) The closure of every leaf of (M, F ) is the manifold M . In this case, the basic functions are constants, and the basic heat operator is the identity. Therefore, the trace K B (t) of the basic heat operator satisfies K B (t) = 1 for every t. (2) Every leaf of (M, F ) is closed. Then the results of Section 3.1 apply. The basic manifold W is three-dimensional. Given w ∈ W , the SO (2) orbit X of w is a circle. (3) Each leaf closure of (M, F ) has codimension one. If F denotes the collection of leaf closures of (M, F ), M, F is a Riemannian foliation of codimension one. Observe that the basic functions, L 2 inner products, and basic Laplacians for (M, F ) and M, F are the same, so that we have reduced to the nontrivial codimension one cases. If the leaf closure foliation is transversally orientable, see Section 3.2. If the leaf closure foliation is not transversally orientable, see Section 3.3. (4) The leaf closures of (M, F ) have minimum codimension one, but some leaf closures have codimension two. This situation is the most interesting case that arises. At least one of the orbits has finite isotropy. Thus, the basic manifold W is a closed two-manifold with an SO (2) action whose orbits have two different dimensions. The circular orbits correspond to the codimension one leaf closures, and the (isolated) fixed points correspond to the codimension two leaf closures. Because the group action yields a vector field on W that has index 1 at each fixed point, the Euler characteristic of W must be a positive integer. Therefore, W is a sphere or a projective plane; for simplicity we consider only the case where W = S 2 . The metric is a function of the height (orbit) multiplied by the standard metric on the sphere. The space of leaf closures of (M, F ) is a closed interval. This case could be considered as a one-dimensional problem (as in Section 3.2), but the analysis is quite difficult because the mean curvature of the leaf closures goes to infinity at the leaves with infinite holonomy. Instead, we use the approach of Section 3.4. The circular orbits have orbit type ({e}), and the fixed points have orbit type (SO (2)). Since ({e}) ≤ (SO (2)), we can decompose W = W 1 ∪ W 2 as in Lemma 3.13, where W 1 is the union of two metric ε-disks centered at the fixed points and W 2 = W \ W 1 . The maximal torus of SO (2) is itself, and equation (3.11) shows that the trace of the basic heat operator is (3.12) where M (θ) = cos θ − sin θ sin θ cos θ .
We now state a result from [47] : 
The constants I , and
The curvature terms are evaluated at anyx ∈ π −1 (x) and are independent of that choice. In the above equation, S X and S W denote the scalar curvatures of X = ρ π −1 (x) and W , respectively, Ric W is the Ricci curvature tensor on W , C ab denotes tensor contraction in the a th and b th slots, and the subscript X means that the contraction is taken over the tangent space to X at ρ(x). The (0, 4)-tensor T on X is defined by
⊥ , and
The symbol ⊥ refers to the orthogonal complement of T ρ(x) X.
The asymptotics of the second term in (3.12) can be found by integrating the asymptotics in Theorem 3.15, because the coefficients a j (x) and error estimates are bounded on the set x ∈ M | ρ π −1 (x) ⊂ W 2 . We note that all of these coefficient functions arise from such an integral on W . Explicitly, for w ∈ W 2 ,
, letting φ (w) be the volume of the leaf closure ρ −1 (w) in M and letting X = X w be the orbit of w in W . Observe that we have also used (2.1) to convert the integral over M to an integral over W . Similarly, a 1 (w) is obtainable from the expression for a 1 in the theorem. Since the orbits are one-dimensional and W is two-dimensional,
where K (w) is the Gauss curvature of the basic manifold at w and κ (w) is the geodesic curvature of the orbit at w. Also, if x ∈ π ρ −1 (w) and
using the definition of ∆ W (see Section 2). Therefore, we now obtain
In the expression above, note that we could take the limit as ε → 0 (that is, as W 2 → W ) in every term except the one involving the geodesic curvature κ (w).
(1) Next, we determine the asymptotics of the integral over W 1 in (3.12).
Recall that W 1 is the disjoint union of two metric ε-disks D 1 and D 2 surrounding the singular orbits. Choosing geodesic polar coordinates (r, γ) around one of the singular orbits, let C (r) denote the length of the orbit at radius r. Then C (r) = 2πr 1 + O r 2 . The metric on the basic manifold is (g ij (r, γ)) = 1 0 0
where g 11 (r, γ) = ∂ r , ∂ r and so on. The integral over D 1 is
since the integrand is independent of γ because of the isometric action of
is of the form Hence, after changing coordinates in θ (affecting the u j (r, θ) by O (r)), we have that
where by symmetry we may assume that We now compute the asymptotics of some integrals that will be used our calculation. Let x+s , we obtain
Using a Lebesgue convergence theorem argument, it can be shown that the integral F (s) is smooth in s and can be differentiated under the integral sign. In fact, it can be shown that
so that
Next, for any smooth, bounded function h on the ε-disk, consider the integral
Replacing r with εr, we obtain
As before, we let s = t ε 2 , and we substitute cos θ =
x−s x+s = 1 − 2s x+s .
where we have used the fact that the integral converges absolutely and Fubini's theorem. Again, using a Lebesgue convergence theorem argument, it can be shown that the integral G (s, ε) is smooth in s and can be differentiated under the integral sign. Moreover, for any positive integer m,
where each c j (ε) remains bounded as ε → 0. Therefore,
where c 0 (ε) and c 1 (ε) are bounded as ε → 0.
We will now compute the asymptotics of the integral over D 1 in equation (3.13). We have that
for some appropriate choices of smooth, bounded functions h 0 , h 1 , and h 2 . Note that we have denoted b j = b j (r, θ)| r=0 . Substituting the expressions (3.14) and (3.15), we get
We observe that by the above construction starting with the asymptotic expansion of K(t, (r, 0) , (r, 0) M (θ)), we have b 0 = 1. This implies that
We have a similar formula for the asymptotics of the integral over the other ε-disk D 2 . Thus, the integral over
A simple calculation shows that the − 1 2ε t term exactly counteracts the blowing up of the term a 1 (w) t in (3.13) as ε → 0, as expected. We remark that the analysis in this section could be extended to find the coefficients of larger powers of t in the obvious way. Putting these results together, we have the following theorem. 
and in general
for a specific polynomial f j and where a j (w) = φ (w) a j π ρ −1 (w) with a j as in Theorem 3.15. As before, L x denotes the leaf closure containing x ∈ M . Specifically,
where φ (w) is the volume of the leaf closure ρ −1 (w) in M , X w is the orbit of w in W , K (w) is the Gauss curvature of the basic manifold at w, and κ (w) is the geodesic curvature of the orbit at w.
Examples
In this section we compute two specific examples that demonstrate the behavior described in the last section. The first example is a transversally oriented, codimension two Riemannian foliation in which some of the leaf closures have codimension one and others have codimension two. Example 4.1. Consider the one-dimensional foliation obtained by suspending an irrational rotation on the standard unit sphere S 2 . On S 2 we use the cylindrical coordinates (z, θ), related to the standard rectangular coordinates by
Let α be an irrational multiple of 2π, and let the three-manifold
The leaf closures L z for |z| < 1 are two-dimensional, and the closures corresponding to the poles (z = ±1) are one-dimensional. Therefore, this foliation satisfies the hypothesis of Theorem 3.16.
In [47] , we used this example to demonstrate the asymptotic behavior of K B (t, z, z) for different values of z. We state the results of some of the computations in [47] . The basic functions are functions of z alone, and the basic Laplacian on functions is
The volume form on M is dz dθ dt, and the volume of the leaf closure at z is 
The basic manifold W corresponding to this foliation is a sphere with points described by orthogonal coordinates (z, ϕ) ∈ [−1, 1] × (−π, π]. As shown in [47] , the metric on W is given by ∂ z , ∂ z = 2 ) 4π 2 (1−z 2 )+z 2 . The following geometric quantities can be calculated from this data (see [47] ): dvol z,ϕ = 2π
Using these computations, we may now compute A 0 and A 1 in Theorem 3.16.
dvol(z, θ, t) = 
Therefore, Theorem 3.16 implies that
which agrees with the direct calculation (4.1).
The next example is an example of a codimension two, transversally oriented Riemannian foliation such that not all of the leaf closures are transversally orientable.
Example 4.2. This foliation is the suspension of an irrational rotation of the flat torus and a Z 2 -action. Let X be any closed Riemannian manifold such that π 1 (X) = Z * Z -the free group on two generators {α, β}. We normalize the volume of X to be 1. Let X be the universal cover. We define M = X × S 1 × S 1 /π 1 (X), where π 1 (X) acts by deck transformations on X and by α (θ, φ) = (2π − θ, 2π − φ) and β (θ, φ) = θ, φ + √ 2π on S 1 × S 1 . We use the standard product-type metric.
The leaves of F are defined to be sets of the form (x, θ, φ) ∼ | x ∈ X . Note that the foliation is transversally oriented, but the codimension one leaf closure foliation is not transversally orientable. The leaf closures are sets of the form L θ = (x, θ, φ) ∼ | x ∈ X, φ ∈ [0, 2π] (x, 2π − θ, φ) ∼ | x ∈ X, φ ∈ [0, 2π]
The basic functions and one-forms are:
where the functions are smooth and satisfy
From this information, we calculate that ∆ B f (θ) = −f ′′ (θ). The eigenvalues {n | n ≥ 0} correspond to the eigenfunctions {cos nθ | n ≥ 0}. Then Note that the existence of the constant term above implies that the asymptotics of K B (t) cannot be obtained by integrating the asymptotics of K B (t, θ, θ) above. We now compute the asymptotics of the trace of the basic heat operator using Theorem 3.10. The volume of a generic leaf closure is 4π, so the transverse volume is A 0 = V tr =
Vol(M) 4π
= π. The mean curvature of the leaf closures is identically zero, so that A 1 = B 1 = 0. Thus, Theorem 3.10 implies that
as expected.
Riemannian Foliations That Are Not Transversally Orientable
In most of the cases considered throughout this paper, we have assumed that the foliation in question is transversally oriented. We now remark that with a few simple modifications, the results of this paper can be used to find the asymptotics of the trace of the basic heat operator on a Riemannian foliation that is not transversally orientable. First of all, the basic Laplacian on functions is still well-defined on such foliations; the basic Laplacian can defined using a local orientation and does not depend on the choice of that orientation. Suppose that (M, F ) is a Riemannian foliation on a connected, compact manifold with a bundle-like metric such that the leaves are not transversally orientable. The foliation may now be lifted to the (nonoriented) orthonormal transverse frame bundle, an O (q) bundle over M . The lifted foliation is transversally parallelizable, and the closures of the leaves of the lifted foliation fiber over a compact O (q)-manifold W . The group O (q) does not act by orientation-preserving isometries, but otherwise the results of this paper extend by letting the group G = O (q). Thus, Theorem 2.3 holds, but some of the results in Section 3 would have to be modified to allow for orientation-reversing holonomy. For example, the powers of t in the asymptotic expansions of the trace of the basic heat operator would in general increment by half integers instead of integers. Note that this phenomenon can occur even in the transversally oriented case, if the leaf closures are not necessarily transversally oriented (see Example 4.2).
